We study the BPS states of the M-fivebrane which correspond to monopoles of N = 2 SU(2) gauge theory. Far away from the centres of the monopoles these states may be viewed as solitons in the Seiberg-Witten effective action. It is argued that these solutions are smooth and some properties of their moduli space are discussed.
Introduction
One of the most unexpected and detailed relations to come out the various string theory dualities has been the connection between p-branes, viewed as supergravity solitons, and Yang-Mills theories, obtained from the perturbative Dbrane description. In particular, this paper was motivated by the observation that a single M-fivebrane is capable of understanding some complex details of quantum non-Abelian gauge theory. More precisely it was observed in [1] where we have suppressed the time dimension since this is common to all branes.
To make contact with type IIA string theory and D-branes one compactifies on x 7 .
In this case the first M-fivebrane becomes the two parallel NS-fivebranes and the second M-fivebrane becomes N D-fourbranes. From the point of view of the first Mfivebrane the second M-fivebrane appears as a threebrane soliton with worldvolume coordinates (x 0 , x 1 , x 2 , x 3 ). By solving the field equations for this configuration one sees that the threebrane can be viewed as simply the first M-fivebrane wrapped on a Riemann surface [3] . Moreover it was shown in [2, 4] that not just the elliptic curve but in fact the entire low energy Seiberg-Witten effective action can obtained as the classical effective action for this threebrane soliton. Thus, a single M-fivebrane is capable of predicting an infinite number of instanton coefficients in the four dimensional non-Abelian gauge theory. Therefore one is naturally lead to the expectation that the M-fivebrane contains more information on non-Abelian fields than might naively be expected.
To explore this possibility one is led to study the M-fivebrane description of BPS states in Seiberg-Witten theory, or more precisely, since we will obtain results outside of the Seiberg-Witten effective description, low energy N = 2 super-YangMills theory in the presence of BPS states. These states are of quite some interest and have been studied from many points of view. Not least because of subtleties in the predicted spectrum [6, 7] . We will be particularly interested in monopoles since these states are intimately connected to the non-Abelian gauge structure and quantum dynamics.
The configurations in question can be pictured as Note that although there are two M-twobranes and two M-fivebranes there are only three independent supersymmetry projectors, corresponding to 1/8 of spacetime supersymmetry or 1/4 of the M-fivebrane worldvolume supersymmetry. In other words after adding the first M-twobrane to the configuration (1.1) we find that the second M-twobrane can appear without breaking any more supersymmetry. We include it to obtain the most general configuration. Indeed the appearance of two M-twobranes is crucial for our analysis.
One problem with self-dual strings obtained by intersecting an M-twobrane with an M-fivebrane is that they have infinite tension, due to the infinite length of the M-twobrane [8, 9, 10] . Clearly this is an unwanted feature when trying to compare with the smooth BPS states in a Yang-Mills gauge theory. One way to avoid the infinite energy is to place the M-twobrane suspended between two parallel M-fivebranes. Then, despite the fact that the proper distance between the M-fivebranes diverges, the resulting self-dual string has finite tension [11] . Unfortunately, such a direct approach is unavailable since there is no known description of two parallel M-fivebranes as this involves some kind of non-Abelian tensor multiplet.
However, we wish to consider configurations with both self-dual strings and threebranes on the M-fivebrane worldvolume. In such a situation we expect to find finite energy solutions for the strings since they can be stretched between the different branches of the same M-fivebrane. In other words we wish to consider selfdual strings which are, in some sense, wrapped around the Riemann surface which is embedded in spacetime. In this case the M-twobrane has a finite worldvolume in spacetime and its boundary coincides with some cycle of the Riemann surface.
Furthermore the M-fivebrane worldvolume theory just contains an Abelian tensor multiplet. It is natural then to consider the resulting moduli space and compare it to that of monopoles. In fact we will argue below that there are finite energy solutions and that the two moduli spaces agree, thus providing an Abelian, Mtheory description of monopole moduli space. This would mean that the low energy scattering of monopoles in Yang-Mills theory could be reproduced from the M-fivebrane equations of motion describing self-dual strings scattering on a Riemann surface. We note here that the moduli space of self-dual strings has been studied earlier in a different context [12] . There the infinite tension strings of [2] (as obtained by the intersection of an M-twobrane with a single, flat M-fivebrane)
were considered and a hyper-Kähler with torsion metric was found.
The M-theory realisation of Seiberg-Witten theory and its BPS states have already been well studied in [13, 14] . However these papers treated the M-fivebrane as infinitely heavy as compared to the M-twobranes. It was therefore assumed that their geometry would be unaffected by the presences of the self-dual strings. This assumption seems reasonable from the macroscopic supergravity picture, however, from the M-fivebrane point of view the presence of self-dual strings dramatically alters the geometry and even topology of the worldvolume [8,9.10 ]. Thus we may expect the simple picture of an M-fivebrane wrapped around a Riemann surface, with M-twobranes attached, to break down near the self-dual strings. We therefore expect to see significant departures to the Seiberg-Witten dynamics in the low energy effective action. Our approach then offers a new method for studying these states in addition to the standard field theory methods and the M-theory methods of [13, 14] .
In the next section we discuss the Bogomoln'yi conditions and resulting field equations for the M-fivebrane configuration (1.2). In section three we consider a limit where the equations of motion coincide with what can be obtained from the Seiberg-Witten effective action. In the fourth section we turn our attention to the full equations and argue for the existence of smooth solutions and consider the moduli space. Finally we conclude with some comments in section five.
Self-dual Strings on a Riemann Surface
The Bogomoln'yi Equations
In this paper we consider the worldvolume theory of an M-fivebrane with coordinates x 0 , x 1 , x 2 , x 3 , x 4 , x 5 . We label the six dimensional world indices by m, n, p, ... and four-dimensional ones by µ, ν, ρ, ... = 0, 1, 2, 3, of which we denote the three spatial coordinates by i, j, k, ... matrices. In addition to these the worldvolume theory inherits a set of Euclidean Γ-matrices from the five-dimensional space transverse to the M-fivebrane. We denote these matrices by γ a ′ , whose unique irreducible representation is a spinor transforming under the Spin(5) R-symmetry. of the spinors under the Spin (5) R-symmetry. It is important to note that the γ a and γ a ′ matrices act on different spinor indices and so commute with each other. The reader is referred to [15, 4, 16] for more details of the notation.
The configuration of an M-twobrane intersecting two M-fivebranes has also been discussed in [16] from the viewpoint of generalised calibrated geometries. Two
planes reduce the supersymmetry to spinors such that [9] ǫγ 45 γ 67 = −ǫ .
The configuration (1.2) also has an M-twobrane in the (x 0 , x 5 , X 7 ) plane with the corresponding projector [3] ǫγ 05 γ 7 = ηǫ , where η = ±1. These two projectors actually imply that another M-twobrane can be introduced in the (x 0 , x 4 , X 6 ) plane with the projector ǫγ 04 γ 6 = −ηǫ, without breaking any additional supersymmetries. It is helpful to introduce complex
where Λ is a mass scale introduced for later convenience. The active M-fivebrane scalars are denoted by
where we treat X 7 as a compact coordinate with period R. Thus by taking the limit of small R we obtain a perturbative description in terms of type IIA string theory as discussed in [1] . For clarity in this paper we will largely suppress the constants Λ and R. In complex notation these projectors can simply be written as
In total this configuration preserves one quarter of the M-fivebrane's worldvolume supersymmetry, i.e. it preserves four supersymmetries, the equivalent of N = 4,
Before proceeding with the equations of motion is it necessary to consider the self-dual three-form h abc on the M-fivebrane worldvolume. This can be decomposed into a four-dimensional vector v a and anti-symmetric tensor F ab as follows (all indices are in the tangent frame)
where self-duality implies that h abc = 2ǫ abcd v d and F ab = i 2 ǫ abcd F cd . Here we have introduced κ which is an arbitrary function and can be removed into by redefinition of F µν . Later we will make contact with the Seiberg-Witten effective action where we write F ab = F ab + i 2 ǫ abcd F cd . There we will need to choose κ so that F ab satisfies the standard Bianchi identity. As discussed in [15] h abc is not a closed three-form.
Rather it is related to a closed three-form H abc via
where m b a = δ b a − 2k b a and k b a = h acd h bcd . One can also derive the useful relation [15] (m −1 )
where
Finally we will use the worldvolume metric g mn which is just the standard induced metric
Since we are interested in the equations of motions at low energy we only consider expressions up to second order in spacetime derivatives. We also look for static solutions. For the convenience of the reader we list the components of the veilbein e a m , to second order in spacetime derivatives, for the geometry used in this paper
For a more detailed discussion of the worldvolume fields and equations of motion for the M-fivebrane we refer the reader to [15] .
The full non-linear supersymmetry variation for worldvolume fermions is de-rived in detail in [16, 17] 
is anti-self-dual and we have adopted the convention that the γ m matrices always appear with tangent indices (i.e. γ m = δ a m γ a ). Specialising to the case with two scalars yields, in complex notation,
Note that the projectors (2.1) imply that there are four independent terms appearing in (2.5) proportional to ǫγ 0iz , ǫγ 0zz , ǫγ izz , ǫγ 0 , and their complex conjugates. Thus we may obtain the Bogomoln'yi equations by setting the corresponding coefficients to zero. Using the decomposition (2.2) this yields
respectively.
Lastly we need to calculate the three-form H which most naturally appears in the equations of motion. To this end we calculate the matrix
and then use the definition (2.3). Despite the complicated form of these Bogomoln'yi equations one finds after a lengthy calculation that the three-form H takes on a relatively simple form. In particular, in the world frame we find
Note that in contrast to the case with no self-dual strings, s is no longer a holomorphic function. Rather it only satisfies∂s = −∂s, which can be thought of as one of the Cauchy-Riemann equations (the other Cauchy-Riemann equation is ∂s = ∂s). This non-holomorphicity is not unexpected in light of the observations in [13, 14] that the M-fivebranes wraps a Riemann surface with one complex structure while the M-twobrane wraps a Riemann surface with a different complex structure 
where we have reintroduced the constants R and Λ for future reference. Alternatively H mnp is a closed three-form and admit a two form potential b mn . A quick examination of (2.7) leads to the following choice for b mn .
with all other components vanishing. Here b k is a vector field which must satisfy
and
In this paper we are interested in finding smooth solutions to (2.9) and (2.10) (or equivalently (2.8)) and discovering the data required to specify such a solution.
From the eleven-dimensional picture we wish to consider self-dual strings which are wrapped around a cycle of the manifold defined by the embedding (z,z) → (s,s).
Let us call this manifold Σ. In particular we require that as either |z| or |x| tends to infinity, we move far away from the self-dual strings, i,e, H → 0. Thus, on account of (2.7), we therefore take
Let us now expand b k and s in power series for large |x|
As a consequence of (2.9) and (2.10) one can see from the O(|x| 0 ) terms that ∂s 0 = 0. Thus as x → ∞ we are left with a holomorphic function s 0 (z). To make contact with four-dimensional SU(2) gauge theory we impose precisely the same considerations as in [1] . Namely, upon compactification on X 7 to type IIA string theory in ten dimensions, the M-fivebranes should reduce to two parallel NS-fivebranes with two D-fourbranes suspended between them. The appropriate curve s 0 is then [1] 
where u(x) is the modulus of the curve and takes the value u 0 as |x| → ∞.
Let us denote the resulting Riemann surface by Σ 0 , which is of course just the Seiberg-Witten curve. We therefore impose the boundary condition that s → s 0 as |x| → ∞ where s 0 is given by (2.11).
The above boundary conditions impose smoothness of the solutions at spatial infinity. Let us now look for smooth solutions to the equations of motion (2.9) and (2.10) in the interior. We will limit our discussion here to a single self-dual string depending only on z,z and |x|. Since we want H 0iz to be well defined at the origin we will look for solutions with ∂ i s → 0 as |x| → 0. In this case we find, for small |x|,
Thus we find a smooth non-trivial solution, so long as∂s = 0. In the holomorphic case we shall see below that there is no finite solution except ∂ i s ≡ 0. To show that there are indeed solutions which are smooth everywhere requires that (2.12)
can be extended smoothly to all |x| and furthermore that it satisfies the boundary conditions imposed above.
As an aside we note what happens when ∂ i s ≡ 0,∂s = 0. In this case the closure of H leaves us with the condition
where θ is any real constant. However, in contrast to the solutions of interest in the rest of this paper, it follows from (2.13) that∂s must be everywhere nonvanishing. In addition one can check that although (2.13) is a first order condition it automatically implies the second order equation 14) which this is just the familiar minimal area equations for the surface defined by
The Large Distance, Seiberg-Witten Limit
In this section we will analyse the case∂s = 0. Since in the large |x| limit, s becomes a holomorphic function s 0 (z), the analysis in this section applies to this asymptotic regime. Although in the interior we expect s to be non-holomorphic and the dynamics to differ significantly. However this Seiberg-Witten limit is sufficient to evaluate the charges as seen at infinity.
For∂s 0 = 0 the equation of motion becomes simply
Furthermore from (2.11) one can see that ∂ i s 0 = ∂ i uds 0 /du = ∂ i uλ z where λ = λ z dz is the holomorphic one form on the Riemann surface Σ 0 described by s 0 . We may follow the method of [4, 5] to reduce this equation of motion to four dimensions.
To be more precise we consider
and express the resulting four dimensional equations in terms of the periods [6]
where A and B are a basis of one cycles of the Riemann Surface. The equation of motion can be expanded into the form
where we have introduced the integrals
which where evaluated in [4, 5] . In this way we arrive at the four dimensional equation of motion
These equations are nothing more than a special case of the equation of motion obtained from the Seiberg-Witten action
and subsequently imposing the Bogomoln'yi condition
Comparing this with the first equation in (2.6)
for the case∂s = 0 requires that κ = det(e −1 ) ds0 da . Indeed this is precisely the normalisation found in [4, 5] where it was needed to ensure that F µν is a curl and so can be identified with the field strength of a gauge field, namely the superpartner of the scalar a. The second equation in (3.2) is then just the Bianchi identity for
The Laplace equations (3.2) have the general solution for point sources given
where Q n and P n are constants. Here y n the centres of the solitons and < Ima > 
where the coefficients are c k are real. From the Bogomoln'yi condition (3.4) we find
where E i = F 0i and B i = 1 2 ǫ ijk F jk . Thus magnetic states correspond to imaginary a and electric states to real a. 
From (3.6) we may (in principle) determine a D . Note that the presence of the logarithm and the reality of the coefficients c k in (3.6) imply that Ima D = −Ima, which is consistent with (3.2). One then sees that the Q n are the magnetic charges of the monopoles.
The situation is rather different for electric states where Ima = 0. In this case the asymptotic form for Rea is determined by inverting the function a D (a).
However this is a more subtle system to solve. Since a is real in this case, a D is pure imaginary and we find, using τ = da D /da,
Thus from the leading order behaviour at infinity we see that −iτ −1 (< a D >)P n can be identified with the electric charges of the solitons. However, the presence of the non-trivial terms in τ alters the behaviour of the electric fields in the interior, corresponding to the (anti-) screening of electric charge.
Finally we note that if we follow the Seiberg-Witten equations (3.2) into the centre of a soliton we find Ima, Ima D → ∞. Thus we are pushed into a regime where only the perturbative terms (i.e. the first two terms in (3.6)) in the effective action are important. This presumably reflects the fact the the underlying YangMills theory is asymptotically free.
We can evaluate the energy of these configurations from (3.3) to be
where we have used the fact that the integrand is a total derivative to express E as a surface integral. One can easily see that E diverges due to the behaviour near the centres of the solitons. In particular, from (3.5) one sees that the measures 
Moduli Space
We now wish to analyse the full equation of motion for self-dual strings on a Riemann surface, i.e. without assuming that s is holomorphic. As mentioned above we will use the boundary condition that at spatial infinity s just the Seiberg- 
We may proceed to obtain four-dimensional equations for the BPS states as follows.
First we write (4.1) as
Next we follow [4, 5] and consider
Here A is the A-cycle of the Riemann surface defined by the curve s 0 (z). In particular s 0 is given in (2.11). It is therefore possible to chose the A-cycle to avoid any singular points of T −T . Since T is single valued the contribution of T in the four-dimensional equation of motion vanishes and we arrive at the modified Seiberg-Witten equation
Similarly we may reduce over the B-cycle to obtain
Clearly this method of dimensional reduction agrees with the one in section three when s 1 = 0.
In the above∂s 1 ∝ H 0zz also appears as a total derivative. However, since we do not know the form of∂s 1 we can not say that it is single-valued and hence that the integrals vanish. In fact a self-dual string wrapped around a Riemann surface acts as a domain wall in two dimensions. Thus in particular if the self-dual string wraps around the B-cycle then, as the A-cycle is traversed, H 0zz will jump by one unit of charge when the self-dual string is crossed. Since the Riemann surface is compact, one sees that H 0zz , and hence∂s 1 , must be multi-valued. Therefore the we expect that the A-cycle integral will be non-zero. A similar situation occurs for self-dual strings wrapped around the A-cycle. Thus we find there is a source for Ima if the self-dual string wraps the B-cycle and a source for Ima D if the self-dual string wrap's the A-cycle. In particular examining (3.7) shows that if the self-dual string wraps the B-cycle we obtain magnetic sources and if it wraps the A-cycle we obtain electric sources.
This is a detailed an analysis of the equations of motion that we have been able to obtain. In the above we have argued that there are smooth solutions to the equations of motion so let us now assume this to be the case. We can then, in principle, construct the low energy equations of motion for the solitons by allowing their moduli to become time-dependent. The natural generalisation of (2.8) to time-dependent configurations is Let us illustrate this for the case∂s = 0, even though for this case we are not able to obtain smooth low energy behaviour. Here one can follow precisely the same steps for equation (4.4) that we did for (2.8) in the last section. In this way we arrive at the four-dimensional equation
If we now substitute in the solution to the Bogomoln'yi equations (3.2) with time-dependent moduli we obtain
where a dot denotes a time derivative. These equations can now be viewed as arising from the effective action
The last step is to writeȧ = α ∂a ∂y αẏ α , where y α are the moduli, and integrate over space. If we had smooth solutions this would then lead to an effective action
Here g αβ is an induced metric on the moduli space of solutions. For the rest of this section we will try to consider some properties of this metric, for the general case∂s = 0 where we expect smooth solutions to exist. torsion [18] . Actually there is a subtlety here in that the three complex structures need not be covariantly constant, hence they need not be Hyper-Kähler in the strict sense of the word.
First let us recall the situation for monopoles in N = 2 super Yang-Mills gauge theory. It is well known that in a monopole background the only fermion zero modes are chiral in a certain Euclidean sense (see for example [19] ). Thus the supersymmetry is of the N = 4B type. This means that the moduli space metric, which again must admit four supersymmetries, is hyper-Kähler, rather than just
Kähler (although the complex structures need not be covariantly constant). In fact it is well known and can be proved directly that the monopole moduli space metric is hyper-Kähler (in the strict sense of the word) [20] .
To check the chirality of the preserved supersymmetries in our solution we must construct the four-dimensional Γ-matrices. Unfortunately, the reduction we considered in section two to obtain six-dimensional Γ-matrices is not very useful 
and c is chosen so that (Γ 
, where Γ 7 (6) = Γ 012345 (6) . The Euclidean five-dimensional Γ-matrices arise from the transverse space to the M-fivebrane and can be further decomposed as = ǫ, which are expressed in four-dimensions as
respectively. Thus the four-dimensional N = 2 supersymmetries have their chirality correlated with internal r, r ′ indices. Next we must construct the M-twobrane projector ǫΓ 057 (11) = ηǫ, where again η = ±1. In four-dimensions this becomes
To see that this projects ǫ on to a set of chiral supersymmetries we consider the Euclidean four-dimensional Γ-matrices defined bȳ
One can easily check thatΓ 5 ≡Γ 1234 = Γ 057 (11) . Thus the supersymmetries preserved by the solitons are chiral with respect to this Euclidean four-dimensional Γ-matrix algebra ǫΓ 5 = ηǫ .
It then follows that the moduli space sigma model has N = 4B supersymmetry in one dimension. Another way to see this is to note that the preserved supersymmetries transform non-trivially under the SO(3) R-symmetry. This also forces the one-dimensional sigma model effective theory to have N = 4B supersymmetry.
By the same reasoning as above it follows that the moduli space of solutions is again hyper-Kähler or hyper-Kähler with torsion. However it seems reasonable to assume that, as in the Yang-Mills case, there is no torsion and the complex structures are indeed covariantly constant. In addition, due to overall translational and rotational symmetries of the configurations, the soliton solutions constructed here have exactly the same symmetry properties as monopoles in the Yang-Mills theory, i.e., translational symmetry of the centre of mass and the action of the SO (3) rotation group. We are therefore led to the conjecture that the two moduli space metrics agree.
It follows from the 4b supersymmetry that their must be 4k bosonic zero modes for a given soliton solution. Again this is precisely the same as the number of bosonic zero modes of a k-monopole in SU(2) Yang-Mills theory. As with monopoles it is clear that 3k of these zero modes come from the locations of the centres of the solitons, i.e. the y n in (3.5). However, the other k zero modes are less obvious. Their origin is well-known though and they arise as non-trivial gauge transformations of the vector field at infinity [20] .
In the situation considered here this leads to a slight puzzle. Namely, if the one gets k bosonic zero modes from non-trivial gauge transformations at infinity, then what happened to the fourth translational zero mode of a self-dual string in six dimensions? In fact it is not hard to see that the presence of the Riemann surface, i.e. the two M-fivebranes, removes the fourth zero mode. More precisely, a self-dual string will only have a translational zero mode if there is an isometry in a particular direction. However, the metric on the Riemann surface ensures that there is a minimum length cycle, about which the self-dual string will wrap.
Moving the self-dual string off this cycle will then cost energy as the string length is increased.
In the limit where∂s = 0 we can determine to some extent where the string must wrap. One can easily see from (2.11) that there is a discrete symmetry s 0 ↔ −s 0 , corresponding to interchanging the two NS-fivebranes in the type IIA picture.
From the point of view of the Riemann surface this corresponds to interchanging the two sheets which cover the plane. Let us assume that there is a unique minimal length cycle, for each homology class, which must therefore be invariant under this symmetry. Thus a minimum length curve must lie on both sheets of the z plane and therefore, since it is connected, it must pass through the branch cuts. For the A- 
Conclusion
In this paper we have studied BPS states of the M-fivebrane which, under type IIA/ M-theory duality, correspond to monopole states in N = 2 SU(2) super-YangMills theory. In particular we discussed a differential equation for the solitons and the relation of these solutions to Bogomoln'yi states in the Seiberg-Witten effective theory. We saw that the M-fivebrane theory led to significant corrections to Seiberg-Witten dynamics and suggested the existence of smooth non-singular solutions. Thus we argued that there is a smooth moduli space of solutions to the M-fivebrane Bogomoln'yi equations. We also argued that the metric on this space is hyper-Kähler and hence it is natural to relate it to the monopole moduli space metric. Let us conclude now with some additional comments on our work.
In general we have suppressed the dependence on the parameters R and Λ.
Indeed for the case that∂s = 0 the low energy dynamics are in fact independent of both R and Λ [1, 4] . This is a crucial point which leads to the expectation that the low energy dynamics are precisely the same as for the perturbative Yang-Mills description [1] (obtained from the type IIA string theory picture as R → 0). In thē ∂s = 0 case, however, one does see a non-trivial dependence on the parameter R.
However this also leads to an extra parameter in the low energy theory which may also enter into the moduli space metric. We have argued that this moduli space has the same symmetries as monopole moduli space. With the exception of the one and two monopole moduli spaces, these symmetries do not uniquely specify the monopole metric [20] . Thus it is possible that this extra parameter is associated to deformations of the monopole moduli space which preserve the symmetries.
A final point to consider is the stability of the BPS states. It was shown in [6] that the spectrum of BPS states is non-trivial and indeed stable BPS states can be made unstable as one varies the vacuum expectation value < a >. In particular, at weak coupling the theory contains dyons with arbitrary integer electric charge and unit magnetic charge and the W ± bosons. However at strong coupling only the monopole and dyon with unit electric charge are stable [7] . It would be interesting to see if the description provided here can reproduce the same phenomenon.
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